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Abstract. Holographic retarders based on form birefringence are shown
to have controllable dispersion properties. Significantly, we show that the
dispersion properties of these retarders can be adjusted over a large
wavelength range by varying the periodicity of the index of refraction
profile. These retarders with controllable dispersion characteristics are of
high value for applications such as the compensation of liquid crystal
displays. © 2005 Society of Photo-Optical Instrumentation Engineers.
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1

Introduction

Optical retarders are generally produced from homogeneous crystals or stretched polymer films. The birefringence and dispersion properties of these films are primarily
controlled by the molecular structure of the material. Unfortunately, the resulting properties may not be what are
desired for a particular application. For example, in the
case where retardation films are designed to compensate
liquid crystals for improved display devices, the dispersion
characteristics of the retarder often do not match that of the
liquid crystal. However, retarders based on form birefringence have the potential for greater control of material
properties, such as dispersion. Additionally, holographic
form birefringent retarders have been considered by other
authors for compensation of liquid crystal displays.1
Anisotropy can result in molecularly isotropic materials
when there is a modulation of the refractive index, and the
periodicity of that modulation is small compared to the illuminating wavelength of light.2 This phenomenon is
known as form birefringence. In the form birefringent regime, diffractions of higher orders are evanescent; therefore, only the zeroth-order diffraction exits the grating.3
The grating acts as a negative uniaxial retarder with the
optic axis perpendicular to the index modulation.
The retardation value of simple holograms in the form
birefringence regime has been theoretically predicted for
both the square-wave dielectric profile and the sine-wave
dielectric profile. The term simple hologram refers to a volume index modulated grating. This type of simple hologram is made by imaging either a reflector or diffuser and
the method used for creating these simple holograms is
reviewed in Ref. 4. This results in a structure that has layers
of varying indices of refraction through the thickness of the
film. In this paper, we investigate when the index varies as
either a sinusoidal or square function. The predicted ordi-

*Current location, Eastman Kodak, 1999 Lake Ave., B-82A, Rochester,
New York 14650-2109.
0091-3286/2005/$22.00 © 2005 SPIE
Optical Engineering

nary and extraordinary index of refraction values for the
simulated negative uniaxial film due to a square-wave
variation of the isotropic hologram index are shown in the
following equations3,5:
no =

冋

共n21 + n22兲
2

=
nsquare
e

冑

册

1/2

,

2n21n22
共n21 + n22兲

共1兲
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where n1 is the index of one of the alternating layers, n2 is
the index of the other, no is the ordinary index of the simulated uniaxial material, and ne is the extraordinary index of
the simulated uniaxial material. For Eqs. 共1兲 and 共2兲 to be
valid, the hologram’s isotropic index must vary with a periodicity much less than the wavelength of light. The predicted ordinary and extraordinary index of refraction values
for the simulated negative uniaxial film due to a sine wave
variation of the hologram’s isotropic index are3,6
nsin
e = no −

共n1 − n2兲2
,
n1 + n2

⌬nsin = ne − no =

共n1 − n2兲2
,
n1 + n2

共3兲

共4兲

where ⌬n is the birefringence or difference between the
ordinary and extraordinary indices of the simulated uniaxial
material. Once again for Eqs. 共3兲 and 共4兲 to be valid, the
hologram’s isotropic index must vary with a periodicity
much less than the wavelength of light. Onedraw back to
Eqs. 共1兲, 共2兲, 共3兲, and 共4兲 is that they do not allow for
consideration of the effect of variations in the functional
profile of the hologram’s isotropic index or for the dispersion of the simulated ordinary and extraordinary indices
with respect to the wavelength of light.
In this paper, we will use the Berreman 4 ⫻ 4 matrix
method7 to calculate the phase shift and retardation of form
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ko is the wave vector in vacuum. Equations 共5兲 and 共6兲
represent six equations in which two of those equations are
independent of derivatives. The tangential components Ey,
Hy, Ez, and Hz are continuous across boundaries while the
normal components Ex and Hx may be discontinuous.11
Since the normal components may be discontinuous across
boundaries, they are eliminated from the matrix calculation
by substitution using the two equations that do not contain
derivatives. This substitution results in the following four
equations:
Fig. 1 Berreman discretization and axes definition. The dielectric
permittivity tensor varies from layer to layer but within each layer it is
constant.

冢冣
Ey

d
dx

Hz
Ez

− Hy

冤

birefringent retarders. The hologram’s isotropic index periodicities and the functional profiles of the hologram are
varied. Additionally, the angle of incidence with respect to
the hologram’s surface normal and the incident wavelength
of light is also varied. We also demonstrate for the first time
the ability to tune the dispersion of these types of retarders.
2 Calculation of Phase Retardation
To compute the phase retardation of form birefringent retarders we used the Berreman 4 ⫻ 4 matrix method.8 This
method, described in detail by many authors,9,10 enables
calculation of the reflected and transmitted s and p waves
from a medium where the index of refraction profile varies
only along one direction. The medium is discretized into
layers that are thin enough so that variations in the index of
refraction are negligible within them.
The 4 ⫻ 4 matrix method solves Maxwell’s equations
for anisotropic media with no free charges.10 The electric
and magnetic field vectors are assumed to be plane waves.
The calculation is simplified by defining the wave vector in
only the xy plane 共Fig. 1兲; any other orientation can be
created by simply rotating the axes frame. Two of Ampere’s
and Faraday’s laws can be rewritten in matrix form:
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where the constant zo is the impedance of vacuum, E is the
electric field vector, ⑀ij 共where i and j are replaced by x, y,
or z兲 are the dielectric permittivity tensor components, and
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This is rewritten as

⬘ = ⵜ ,

共8兲

where the vector  is the tangential field vector shown in
Eq. 共7兲, ␤ = n sin共兲, n is the index of the initial material, 
is the angle of incidence with respect to the hologram surface, and the matrix ⵜ is the 4 ⫻ 4 matrix shown in Eq. 共7兲
and is defined as the differential propagation matrix. Equation 共8兲 is the differential equation that must be solved to
complete the 4 ⫻ 4 matrix calculation.12 One way to solve
the differential equation in the 4 ⫻ 4 matrix method is to
discretize the media into thin layers. This discretization
method was originally developed by Berreman and
Scheffer.7 Each layer is assumed to have a constant dielectric permittivity tensor in all dimensions. Once the media is
separated into layers, the differential equation in Eq. 共8兲 is
solved for layer by layer.10 By repeating this matrix multiplication many layers can be accounted for, resulting in the
following equation:

exit = Mlayer N ¯ Mlayer 2Mlayer 1enter ,

⑀xxEx + ⑀xyEy + ⑀xzEz
ko
⑀yxEx + ⑀yyEy + ⑀yzEz ,
zo
⑀zxEx + ⑀zyEy + ⑀zzEz
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⑀xy
⑀xx
⑀2
1
⑀yy − xy
⑀xx
= iko zo
0
1
⑀xy⑀xz
⑀yz −
zo
⑀xx
−␤

共9兲

where M is the matrix propagating light from one layer to
the next.13 The operator matrix M is the integral solution of
the operator matrix ⵜ.
We extracted the phase retardation of the periodic material by simulating polarized light propagation through the
hologram and then directly calculating the phase shift between Es and E p. The incident light is polarized at 45 deg,
where the polarization plane is defined on axis as 45 deg
from the plane of incidence. For this simplified explanation,
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Hz and Hy are set equal to zero just to enable multiplication
to be carried through resulting in the following starting vector for Eq. 共9兲:

冢冣
1

enter =

1

冑2

0
1

共10兲

.

0

The phase retardation is ultimately calculated from the output field vector exit. Recall that the output field vector
contains orthogonal electric field components E p and Es
and the phase shift between those components results in the
phase retardation. The phase retardation 共also referred to as
phase shift兲 ⌫ is found with the following equation.

冋

册

2⌬nd
imag共E p/Es兲
⌫ = a tan
=
,
real共E p/Es兲
0

共11兲

where ⌬n is the birefringence of the form birefringent hologram, d is the thickness of the hologram, and 0 is the
wavelength in vacuum. The path length retardation 共also
referred to as retardation兲 R is found with the following
equation.
R=

⌫0
.
2

共12兲

3

Effect of Hologram Periodicity on Form
Birefringence
To calculate the effect on the phase shift from varying the
periodicity of a form birefringent hologram, we considered
the cases where the index of refraction had a sine wave
variation14:
n=

冋冉 冊 冉 冊

册

n1 − n2
n1 + n2
+
cos 共K 䊐 x兲 ,
2
2

共13兲

where K is the grating vector and x is the location in the
depth of the simple hologram. For a square-wave variation
the index function is
n=

再

n1 N = 1,3, . . .
n2 N = 2,4, . . . ,

the following calculations, the wavelength is 550 nm, unless the varied parameter is wavelength. The material surrounding the hologram is isotropic and has an index value
that minimizes specular reflections, n = 1.5. The incident
and exiting electric fields are defined in the surrounding
isotropic media, which is on both sides of the material of
interest. The hologram investigated has n1 = 1.595, n2
= 1.449, d = 45.2 m, a sine wave dielectric profile6 共unless
otherwise stated兲, and unslanted layers that are parallel to
the surface.
A main point of the paper is that the wavelength dispersion of birefringence for form birefringent holograms can
be tuned by varying the hologram’s periodicity. As the hologram’s periodicity increases, the range of retardation values increases also. This continues until the hologram
reaches the Bragg regime. Samples of the possible wavelength dispersions are shown in Fig. 2 共Fig. 3 shows the
reflectance spectra for the holograms used in Fig. 2兲 and
Fig. 4. Figure 2 demonstrates that as the hologram’s periodicity increases the phase shift from the hologram also
increases. Figure 4 reveals that the wavelength dispersion
of birefringence is unaltered as the dielectric profile is

共14兲

where N is the number of the sheet having one isotropic
index. The discretized layers of the Berreman method previously mentioned are much thinner then one period of the
hologram, in other words a sheet is not equal to a layer.
Applying the Berreman method, we divide the index profile
into enough layers so that the modeled results will simulate
continuous index in each layer; 2000 layers for the sinusoidal profile and less for the square profile.
In the following calculations, the angle of incidence is
60 deg to the surface normal, unless the parameter varied is
incident angle. The incident angle used is 60 deg because
that allows the two polarizations to “see” different indices
of refraction as passing through the form birefringent hologram. The simulated optic axis is parallel to the film normal
and on-axis light results in E p and Es “seeing” two equal
indices of refraction, thus resulting in zero phase shift. In
Optical Engineering

Fig. 2 Phase shift versus wavelength for various hologram periodicities, labeled at the top of the graph. All holograms have the sine
wave dielectric profile. Incident angle is 60 deg. Theoretical results.

Fig. 3 Reflectance versus wavelength for the holograms used in
Fig. 2, with a 60 deg incident angle. Theoretical results.
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Fig. 4 Phase shift versus wavelength for two different functional
forms of the hologram’s dielectric profile, labeled at the top of the
graph. All holograms have a 100 nm periodicity; 60 deg incident
angle. Theoretical results.

changed; therefore, the same wavelength dispersion could
be attained using a compensator with a square-wave dielectric profile as with a sine wave, but the square wave has the
added advantage of a higher average birefringence. Figures
3 and 5 show the reflectance for the same holograms used
in Figs. 2 and 4. The visible spectrum is well beyond the
Bragg regime for each of the holograms considered. All
graphical results are obtained by theoretical calculation of
light propagation through the optical media of interest using the Berreman 4 ⫻ 4 matrix method as described earlier
and in Ref. 14.
The plot in Fig. 6 shows the variation in retardation as a
function of wavelength divided by the periodicity of the
hologram. Three plots for different periodicities are shown
in Fig. 6. Notice that once the wavelength is normalized to
the periodicity all plots coincide; therefore, the periodicity
of the hologram behaves as a scaling factor for the wavelength of incident light. Also, the retardation of all holograms enters the form birefringent regime when the periodicity is approximately the wavelength divided by 10. We
assume an ordinary index of refraction no = 1.5237, and cal-

Fig. 5 Reflectance versus wavelength for the holograms used in
Fig. 4; 60-deg incident angle. Theoretical results.

Optical Engineering

Fig. 6 Retardation versus wavelength divided by the periodicity of
each hologram. There are three holograms with periodicities equal
to 40, 100, and 150 nm. Holograms have a sine wave dielectric
profile. Light is incident at 60 deg. Theoretical results.

culate the extraordinary index of refraction. In Fig. 6 the
retardation in the limit of a large wavelength/period ratio is
−63 nm. This yields a calculated birefringence of
sin
⌬nBerreman
= −0.0035, which agrees well with the predicted
sin
= −0.0035.
value found from Eq. 共4兲, ⌬nCalc
Using the calculated birefringence values of the form
birefringent hologram, a negative birefringent retarder is
engineered with the exact same birefringence. A negative
birefringent retarder is similar to a negative uniaxial
crystal,15 except the retarder is not restricted to crystalline
form but can also be a polymer film with oriented molecules. The calculated phase retardation of the form birefringent hologram and the engineered negative birefringent
retarder are compared in Fig. 7 and very good agreement is
seen between the two. This demonstrates that the form birefringent hologram does behave as a linear retarder.

Fig. 7 Phase shift versus incident angle 共with respect to the surface
of the hologram兲 for both a uniaxial retarder and a form birefringent
hologram with a sine wave dielectric profile. The parameters of the
uniaxial retarder are no = 1.5237, ne = 1.5202, d = 45.2 mm, and the
optic axis is parallel to the film normal. Theoretical results.
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4

Tuning the Wavelength Dependence of
Birefringence

To demonstrate that a form birefringent hologram can have
its dispersion tuned to match the dispersion of the liquid
crystal material 共defined as a matched-dispersion retarder兲,
and that the matched-dispersion retarder compensates more
effectively, we will consider a vertically aligned LCD 共VA
LCD兲. A VA LCD has the liquid crystal 共LC兲 molecules
oriented so that their average effective optic axis is parallel
to the layer normal when a voltage is not applied to a pixel.
Once a voltage above a certain threshold is applied to the
VA LCD pixel, the molecules begin to orient so that their
average effective optic axis is perpendicular to the layer
normal. If the polarizers of the display are crossed then in
the off state the pixel blocks light and appears black, while
when a voltage is applied above a certain threshold, the
pixel allows light through and appears bright.16 Therefore,
a negative birefringent retarder with its optic axis parallel
to the layer normal, such as the form birefringent holograms described here, would ideally compensate the VA
LCD. The LCD consists of crossed polarizers, an LC in the
VA mode, and a compensator. The form birefringent hologram compensates the LC in its unperturbed state. The LC
material modeled is MLC-6608, its Cauchy coefficients are
Ao = 1.4643, Bo = 3995 nm2, Ae = 1.5370, and Be = 7509 nm2;
the dielectric constants are ⑀储 = 3.6 and ⑀⬜ = 7.8; and the
elastic constants are k11 = 16.7 pN and k33 = 18.1 pN. The
LCD has a 90-deg pretilt and the cell is 3.26 m thick.
The form birefringent hologram used to compensate the
liquid crystal has the material parameters described above
where we used a 60-deg angle of incidence. The only deviations from that description are that the thickness is increased to 69 m, so that the retardation of the hologram
equals that of the LC layer, and the hologram’s periodicity
is 66 nm. The hologram’s wavelength dispersion is tuned to
match that of the LC by varying the hologram’s periodicity.
The first variable defined when designing the hologram required to compensate the LC is the total thickness. The
thickness is found by matching the hologram’s retardation
to that of the LC’s. The indices are already defined by the
material parameters n1 and n2. After the thickness and indices are known, the hologram’s periodicity is varied until
the resulting path length retardation of the hologram
matches that of the LC for all wavelengths. The form birefringent hologram is compared with a standard homogeneous negative birefringent retarder made of discotic LCs.
We refer to this standard homogeneous retarder as the DLC
retarder. The optic axis of the considered DLC negative
birefringent retarder is parallel to the film normal 共negative
c-plate兲; its estimated Cauchy coefficients are Ao = 1.5441,
Bo = 5163.4 nm2, Ae = 1.5, and Be = 0 nm2 and the thickness
is 4.47 m.
The dispersion of the form birefringent hologram is
shown to match that of the VA LCD in Fig. 8, while the
dispersion of the negative c-plate has a greater variation
with wavelength. Figures 9 and 10 show the transmission
through the LCD compensated with either the form birefringent hologram or the DLC negative c-plate for 30 and
60 deg off axis 共recall we have optimized the compensator
properties at the 60-deg angle兲. The transmission through
crossed polarizers equals the transmission through the VA
Optical Engineering

Fig. 8 Retardation versus wavelength. The incident angle is 60 deg.
The retardation shown for both the form birefringent hologram and
the DLC negative c-plate are the absolute value of the retardation,
and the actual retardations for these two materials are negative. The
absolute value of the retardation for the form birefringent hologram
equals the retardation of the LC material. The dispersion of the DLC
negative c-plate has a greater change with wavelength than the
dispersion of the LC. Theoretical results.

LCD compensated with the dispersion matched hologram
at 60 deg off axis, demonstrating almost perfect compensation at this angle.
5 Summary and Conclusion
We showed that holographic form birefringence retarders
can be designed to have a desired dispersion of birefringence with respect to wavelength. This property is of high
value in the design of compensators for LCDs. The previously known theoretical predicted values for the birefringence agrees well with the birefringence calculated using
the Berreman method, once in the form birefringence regime. The dispersion of the hologram can be tuned by varying its periodicity until the Bragg regime is reached. The

Fig. 9 VA LCD compensated with the dispersion matched form birefringent hologram has better performance than when compensated with the DLC negative c-plate at 30-deg indicent angle. The
maximum transmission for the graph is 100. Theoretical results.
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6.

7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
Fig. 10 VA LCD compensated with the dispersion matched form
birefringent hologram has the same transmission as through
crossed polarizers at 60-deg incident angle. The VA LCD compensated with the DLC negative c-plate has a higher transmission. The
maximum transmission for the graph is 100. Theoretical results.

hologram’s dispersion can be matched to a LC material’s,
enabling very good compensation; better than the currently
available compensators.
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